We obtain the zero distribution of sequences of classical orthogonal polynomials associated with Jacobi, Laguerre, and Hermite weights. We show that the limit measure is the extremal measure associated with the corresponding weight.
Introduction
In this paper, we study the zero distribution of sequences of Jacobi, Laguerre, and Hermite polynomials. Our approach is based on identifying these orthogonal polynomials with certain Fekete polynomials defined below, and using monotonicity properties of the zeros of the polynomials.
Let E ⊂ R be a closed set that consists of finitely many intervals. Let w : E → [0,∞) be a weight function such that w(x) > 0, x ∈ Int(E), and |x|w(x) → 0 as |x| → ∞, x ∈ E, if E is unbounded. Consider the function V n x 1 ,...,x n := 1≤i< j≤n w x i w x j x j − x i , (1.1)
It can be shown that V n attains its maximum for some set Ᏺ n = {x i } n i=1 ⊂ E called nth weighted Fekete set or simply Fekete set. We introduce the following notation: if µ is a measure, its logarithmic potential U µ (z) is defined by (1.4) that is, lim n→∞ ν Ᏺn = µ w in the weak-star topology of measures. Furthermore, if F n is the nth degree monic polynomial with zero set Ᏺ n ,
uniformly on compact subsets of C \ S w .
We will assume that w(x) = 0 when x ∈ E \ Int(E) and x is finite. This condition implies that every Fekete set Ᏺ n ⊂ Int(E). Consequently, the partial derivatives of log(V 2 n ) vanish at the Fekete points:
(1.6)
In Section 2, we study the zero distribution of Jacobi polynomials P (αn,βn) n with parameters α n > 0 and β n > 0 that satisfy lim n→∞ α n /n=2α>0 and lim n→∞ β n /n = 2β > 0.
In Section 3, we consider Laguerre polynomials L (αn) n with parameters α n > 0 that satisfy lim n→∞ α n = 2α > 0.
In Section 4, we obtain the zero distribution of the Hermite polynomials H n . Asymptotics and zero distribution of classical orthogonal polynomials have been studied in [1, 2, 3, 5] . Here, we extend these results using a simple method that works for all classical orthogonal polynomials.
Zero distribution of Jacobi polynomials
The Jacobi weight w α,β (x) is defined by 
with support [4, Chapter IV, Section 1]
3)
and q n,α,β denote the orthonormal polynomial of degree n and the monic orthogonal polynomial of degree n, respectively, with respect to the weight w α,β . Let
denote the discrete probability measure with mass 1/n at each zero of P (α,β) n . Here, δ(x) denotes the discrete probability measure with support x (the point mass at x).
We first show that the Fekete polynomials for Jacobi weights w α,β with α > 0 and β > 0 are, in fact, Jacobi polynomials.
Let α > 0 and β > 0 be fixed and set w = w
in the function V n defined with (1.1). Since
Thus, the polynomial (
of degree n with leading coefficient −n(n + 2α + 2β − 1) has zeros at x 1 ,...,x n , and therefore
By [6, Theorem 4.2.1], the polynomial q n,2α−1,2β−1 satisfies (2.7) as well. However, (2.7) has a unique monic polynomial solution of degree n. Indeed, the polynomial
988 Zero distribution of orthogonal polynomials satisfies (2.7). Substituting r in (2.7), we obtain
where (2.7) was applied to q j,2α
..,n − 1, and the uniqueness of the polynomial solution of (2.7) follows. We have shown that for positive α and β, the nth Fekete polynomial F n,α,β associated with the Jacobi weight w α,β is the Jacoby polynomial q n,
Theorem 2.1. Let {α n } and {β n } be sequences of positive numbers satisfying If α is finite and β = ∞, the limit of the measures ν n,αn,βn is the point mass at 1. If α = β = ∞ and α n /β n → λ > 0 as n → ∞, the limit measure is the point mass
Proof. For fixed α > 0 and β > 0, let {x
be the nth Fekete set, and let ν n,α,β denote the discrete probability measure having mass 1/n at each Fekete point x
From (2.10), it follows that
F n,αn,βn = q n,αn,βn . (2.14)
Assume first that α and β are both finite. Let > 0 be fixed and let N( ) be such that α − ≤α n ≤ α + and β − ≤β n ≤ β + for n ≥ N( ). We will use Plamen Simeonov 989 a certain monotonicity property of the zeros of the Jacobi polynomials. For 0 < α 1 < α 2 and 0 < β 1 < β 2 ,
are increasing functions on (−1,1). By [6, Theorem 6.12.2],
Therefore,
Let A ⊂ S wα,β be an interval. We have
In view of (2.12), it is enough to estimate the first term in (2.18). For any measurable set B and fixed α 0 > 0 and β 0 > 0, from (2.2) and (2.12), it follows that
if we let n → ∞ first, and then α → α 0 and
as n → ∞ first, and then → 0. Similarly, (2.24) and this completes the proof for finite α and β.
If α is finite and β = ∞, β is finite and α = ∞, or α and β are both infinite, and α n /β n → λ ≥ 0 as n → ∞, it immediately follows from (2.3) that the supports of the extremal measures S wα n,βn shrink to the single point 1, −1, or (1 − λ)/(1 + λ) , respectively, which establishes the proof in these cases.
Zero distribution of Laguerre polynomials
Let L To show that the Fekete polynomials for Laguerre weights w α with α > 0 are Laguerre polynomials, we set w = w α in (1.1). Since w (x)/w(x) = (α/x − 1), (1.6) takes the form
where F n = F n,α is the nth Fekete polynomial for the weight w α . Since 2(n − 1)(α − x)F n (x) + xF n (x) is a polynomial of degree n with leading coefficient −2n(n − 1), the above equations imply that z = F n satisfies the differential equation From (3.1) and (3.7) it follows that y(
(3.8) Equation (3.8) shows that for every n ≥ 1 there is a unique nth Fekete set
, and if {z
denotes the zero set of the Laguerre polynomial L (γ) n with γ > 0, then
where both the zeros of the Laguerre polynomial and the Fekete points are arranged in increasing order. Next, we show that the Fekete sets for a weight w γ with γ > 0 are contained in a compact set. By [4 
Thus, the first derivative of U µw γ (x) − logw γ (x) is positive for x > b γ , and so
wγ . Thus, we conclude that {x (3.14)
The rest of the proof follows the argument used in the proof of Theorem 2.1. In this case, the zeros of the Laguerre polynomials L (α) n are monotone in the sense that if
..,n. This follows from the fact that w α1 (x)/w α2 (x) = x α1−α2 is an increasing function on [0,∞), and a variation of [6, Theorem 6.12.2] for unbounded intervals.
Zero distribution of the Hermite polynomials
The monic Hermite polynomials H n are orthogonal with respect to the weight w(x) = e −x 2 , x ∈ R. Furthermore, y = H n satisfies the differential equation
The corresponding extremal measure µ w is given by (see [4, Chapter IV, Theo-
To determine the relationship between the zeros of the Hermite polynomials and the Fekete sets for the weight w(x) = e −x 2 , we set w(x) = e −x 2 in (1.1). Since w (x)/w(x) = −2x, (1.6) yields
These equations imply that the nth degree polynomial 4(n − 1)xF n (x) − F n (x) with leading coefficient 4n(n − 1) has the same zero set as F n (x). Therefore, F n (x) is the polynomial solution of the differential equation
For λ > 0, we set y(x) = z(λx). From (4.4), it follows that 5) and in particular y(x) = F n (x/ 2(n − 1)) satisfies (4.1). Since (4.1) has a unique polynomial solution of degree n, we obtain F n (x/ 2(n − 1)) = H n (x). Then, if
denote the zeros of F n and H n , respectively, we have
, i= 1,...,n. Theorem 4.1. For every n ≥ 1, let ν n denote the discrete probability measure having mass 1/n at each zero z i,n of the Hermite polynomial H n . Then,
(4.7)
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